1.

Complex number 3

Giventhat z+-=1,find thevaluesof (a) z*+ Z% (b) z° + 2—15 :

Z

24i=1= 22 -2+1=0=2=22"= 7 =cosT+isin (a
4
(@) z4+i4= (coszilsinz) +;4=(cos4—nilsin4—n)+<cos(—4—ﬂ)ilsin(—4—n)>
z 3 3 (cosgil sing) 3 3 3 3
=(cos4—“ilsin4—“)+(cos4—n$lsin4—“) = 2cos==—1
3 3 3 3 3
(b) z5+15=(coss—niisins—“)+(coss—n$isin5—n)= 2cos = =1
z 3 3 3 3 3

(@) Using deMoivre’s Theorem to show that sin560 = a sin® 6 + bcos? 8sin 0 + cos* 6 sin 9 ,

where a, b and c are integers to be determined.

56 . : :
(b) Express SSI; 5 interms of cos@ ,where 6 isnota multiple of &

Hence, find the roots of the equation 16x* — 12x? + 1 = 0 in trigonometric form.

(@) cos50 +isin560 = (cosf+isinfB)®> = (c+is)® ,where ¢ =cosf,s =sinf
= > +5c*(is)+10c3(is)?+10c?(is)3+5c(is)*+ (is)®
= (c®>—=10c3s2+5cs*) +i(s>—10c?s3+5 c¢*s)
Compare imaginary part, we have
sin50 = s> —10c?s3+5 c*s = sin® 0 — 10 cos? Osin® O + 5 cos* 6 sin 6
sin56
sin @
= (1—co0s?6)?>—10cos? 8(1 — cos? ) + 5 cos* 6
= (1 —2cos? 6 + cos*6) — 10 cos? 6 + 10 cos* 8 + 5 cos* 0
= 16 cos* 0 —12cos? 6 + 1
Let x=cosf, 16x*—12x*4+1=0=16c0s*0 —12c0s?0+1=0

= sin* 0 — 10 cos? Osin® 0 + 5 cos* 6

(b)

sin 56
sin 6

=0 = sin50 = 0 , where 0 # km, where keZ.
km
0= - , Where keZ.
O cosk?n ,wherek =0, 1,2,3,4.

Since x = cos0 =1 isnotarootof 16x* —12x>+1=0, - x = cosk?” ,wherek =1,2,3,4.



(a) Find the roots of z° = 1.

(b) Show that one of the roots in (a) is w = cosz?TI + isin Z?T[ = \/i_l +i 10:2 V5

¢) Show that ) 14w+’ +0d+w*=0,
©

@) 11+0?+wf = [0

(@) By de Moirvres’ Theorem,

2km

1
725 =1 zz=(c152kn)§=cisT ,k=0,1, 2,3, 4.

(b) In(@), k=1, oo=cosz?n+isin2?“
Put 6=2?n,then 50 =2m, 30=2m—20 , cos30 = cos(2m— 20) = cos 20

Put x=cosz?ﬂ, 4x3 —3x=2x* -1 ,4x3 —-2x*-3x+1=0.

Since x # 1, dividing the left-hand side of the cubic equation by x — 1, we get

-V5-1  5-1
= or —

4x*4+2x—1=0, x
4 4

— , 2 5-1
Rejecting the negative root, we have x = cos ?n = \/_T'

x/§—1)2 V10425

Using Pythagoras theorem, sin Z?T[ = [1- ( " =—

2m . . 2m  v5-1 .4J10+42+5
Hence w=cos?+1sm?= ” +1 ”

(o) (i) Method1
2 3 4
1+o+w?+w+w*=1+cis 2—1T+(cis 2—“) +<cis 2—“) +(cis 2_1'[)
5 5 5 5

A | . 4T . 6T . 8t . )
=1+cis - + cis - + cis - + cis - , by de Moirvres’ Theorem

. 2T . 4T . 41T . 2T
=1 +cis ?+ cis ?+ cis (—?) + cis (—?)

. 2T . 2T . 4T . 41T
=1+ [c1s = + cis (— ?)] + [c1s = + cis (— ?)]

2

_ 2n am_ 2n 2 2T _
=1+ 2cos s + 2 cos - =1+ 2cos s +2(2cos - 1)

=1+2(@)+2[2(@)2—1]=0



4,

Method 2

2 3 4
1+oo+oo2+w3+w4=1+cisz?n+(cisz?n) +(cisz?n) +(cisz?“)

. 2m\°
1—(CIS ?) . .
= ———+ (Geometric series)
1—CIS?
1—(cis 2m)° . ,
= 1-(ds2n? - Zn) , by de Moirvres’ Theorem
1—c1s?
_ 1-(° _
=— == 0
CIs 3
Method 3

. 2T . . 2T .
Since w=cos?+1sm?¢1lsarootof 2°=1, 0w =1.

) 3 4 1-w® 1-1
s+t +w o = = =0

-0 1—-w

3
" 2 4y _ |[1=(«?)7| _ |1—a)6 _ |1—u)co5 _ | 1-o | _ | 1 | _ 1
(c) (i) 1+ 0"+ = 1-0?2 | -2l [1-02 | 7 l1-02l * 1+l — |1+e]
_ 1 _ 1 1 2
1+\/§4—1+i\/10:2\/3 \/< I\/E—l)z <\/m>2 J\/E+3 \/§+3
1+ " + 2 2

_ /3‘2—@ ~ 0.6180339887499

Show that —v2 + iV2 is arootif x* + 16 = 0. The root —/2 + iv/2 is located on a circle of radius
2 inan Argand diagram and plot all the roots.

Method 1
Since complex roots occur in pairs, we consider the polynomial:

[x— (—VZ+VD)|[x— (V2 - iV2)] = (x+V2)' — (W2)’ =x® + 22 x +4
Since irrational roots occur in pairs, we consider the polynomial:

[x2+2VZx+4][x2 - 2VZx+4] = (2 +4)2 - (2V2x) =x*+ 16

Also, note that, x? —2vZx+4 = (x=v2) = (iV2) = [x— (V2 + V2)][x - (VZ — iv2)]

So,weget: x*+16=0= [x2 +2V2x+4|[x* —=2V2x+4] =0

= [x— (~vZ + WD)][x - (~VZ— VD)][x ~ (V2 + WD)][x — (vZ ~ WZ)| = 0



Roots are: x—\/_+1\/_ \/_+1\/_—2( 7),2(—i+ii)

x=2 [cos (i E) + isin (i E)] ,2 [cos i%n) + isin ( Tn)] (in polar form)

Method 2
1
x*+16 =0 = x*=—16 = 16 (cos ™ + i sin m) = x = 2[cos (2km + ) + i sin (2km + 1)]+

x =2 [cos (Z5F) +isin (257)] k=0,1,23
= 2feos (150 (3] 2fos () 130 (2]
2 fos () 15 ()] 2os () 150 (2]

Note that: 2 [cos ( )+151n (3—“)] =2 [—cos G) + isin G)] =\V2(-1+i)=—-V/2+iV2 isa

4

root of x* + 16 = 0 which is what we want in the first part of the question.
Also, other roots can be written in rectangular forms easily.

Solve the equation 5z* —z3+4z2—-z+5=0 .

Since the given equation is symmetric, divide 5z* —z3 + 4z2 —z+ 5 = 0 by z?2, we get
2, 1 1 —
5(2 +Z—2)—(Z+E)+4 =0 ..(1)

Put w=z+§, w2=zz+zi2+2 ,eq (1) becomes

5(w?—-2)—w+4=0= 5w2—w—6=0=>w=—1orw=§
When w = -1, Z+——1=>z —z4+1=0=>72z2 1+\/—1
1 6 3441

When w=é,z+—=—=> 522 —6z+5=0=7z="—
5 z 5 5



ABCD is a square with the letters in the anticlockwise order. The points A and B represents 2 + 3i

and 6 + i respectively. Find the complex number represented by C and D.

Let zy =2+ 3i, zg =6 +1.
zg— 24 =(6+1)—(2+3i))=4-2i

(T
Rotate z,zp anticlockwisely by g youget z4zp : zZp — 24 = (25 — ZA)el(E)

zp = (2+30) = (4— 20) [cos (3) + i sin (3)| = (4 - 20)[]] = 2 + 4

~zp=QR+4D)+Q2+3)=4+7i
Zy—zg = —4+ 2i

Rotate zpz, clockwisely by g, you get you get zpzo : z¢ — 2z = (2 — ZA)ei(_E)

zc = (6+1) = (=4 +2i) [cos (3) = i sin (3)| = (—4 +20)[~i] = 2 + 4

nze=0Q2+4)+(6+10) =8+5i

The equation z* — 2z3 + kz? — 18z + 45 = 0 has imaginary roots. Obtain all the roots of the
equation and the value of the real constant k.

Since the given has an imaginary root, z = tai,a > 0 are roots.
Hence (z—ai)(z+ ai) = z? + a? isafactorof z*—2z3+ kz?—18z+ 45
z* =223+ kz? — 182+ 45 = (22 + a®)(z? + bz + ¢)

3 term, b = =2

Compare coefficients z
Compare coefficients z term, —18 = a?bh = —18 = —2a? = a = 3 (take a > 0)
Compare constant term, 45 = a?c=9c =c¢ =5

Compare coefficients z? term, k =a?+b=32-2=7

Hence the equation becomes z* — 223+ 722 — 182+ 45 = (22 +9)(z2—2z+5) =0

The roots are +3i,1 + 2i.

(@) Let z=—-2-3i ,find z2
(b) Hence solve the equations: (i) w?+ 4w = —9 + 12i
(i) w* +4w? = -9 + 12i.

@) z? = -5+ 12i
((D]6) W2 4+4w = -9+ 12i > w? +4w+4=-5+12i = (W + 2)? = (-2 — 3i)?
w+2)?2-(-2-3i)?=0



9.

[(W+2)+(-2-3)][w+2)—-(-2-30))]=0
[w? = 3i][w?+4+3i]=0

w=3i or w=—-4-3i

() w*+4w?=-9+12i > w*+4w? +4 = -5+ 12i = (W? +2)? = (-2 — 3i)?
W2 +2)?2—-(-2-3i)2=0
[(W?2+2)+ (-2-3)][W?+2)—(-2-3])]=0
[w? —3i][w?+4+3i]=0
w?=3i or w?=-3i—4

w? = 3cis g or w? = 5 cis(—2.489)

1

w =13 [cis (an + g)]E or V5 [cis (2km — 2.489)]%

= \/§[cis (2k2+§)] or \/§[cis (w)] ,k=0,1.

w; =3 [cos% + i sinﬂ = \/%(1 + i) ~ 1.2247449 + 1.2247449i

w, =3 [cos%ﬂ + isin%n] = —\Eu + i) ~ —1.2247449 — 1.2247449i

ws = V3[cos(—1.2445) + i sin(—1.2445)] ~ 0.555186 — 1.64066 i
w, = V3[cos (r — 1.2445) + i sin(m — 1.2445)] ~ —0.555186 + 1.64066 i

If z=cosO +isinf ,show that : =%(1—itan9) and write 11

in similar form.
1+2z2 —z2

z%2 = (cos 0 + isin0)? = cos 20 + i sin 20

14+ 2z%2=(14cos20) +isin20 = 2cos?6 + 2i sinf cosd = 2 cos O (cosh + isinH)

1 1

[cos(—0) + isin(—0)] = 159 (cos@ —isinf) = i(l —itan0)

1+z2 ~ 2cos 6(cosO+isinB) " 2cos@ 2co

1—22=(1-cos260) —isin26 = 2sin?0 — 2i sinf cos @ = 2sin @ (sin@ — i cos O)

= 25in6 [cos (- 6) — isin (2 - 6)] = 2sin6 {cos [~ (£ - 6)| +isin [ (Z-6)]}

1 1 1 b4 .. s 1 . .
1-2z2 - 2 sin e{cos[—(g—e)]ﬂsin[—(g—a)]} - 2sinf {COS (E - 9) +isin (E - 0)} - 2sinf (Sll’l 9 + icos 9)

=%(1+icot0)



10. (@) Let z=1+1i ,find z",n = 1,2,3,4,... in Cartesian form.
(b) Find z™ in polar form.
(c¢) Explain, without plotting, how you can represent z" in Argand diagram.

(—4)k n =4k
—2)# 11— =4k -1
@ 2% = ((—i)k—lg“—lli) "=tk -2
| 911+ n=4k-3

~2+2i

where k =1,2,3 ...

(b) z= 1+i:\/§(\%+i%) =\/§(cos%+isin%)

o B N bW N e
]
o
]
B

16 +16i

[
o
w
N

= " = (\/f)n (cos’l—n + isin%),n =1,2,34,..

—
ot

-32+32i
-64

-
»N

(c¢) Itis easier to write the answers in polar form in (b)

—
w

~64 - 64
and the Argand diagram is easier to draw.

Ifweput zZ°=(1+i)°=1

e
-

-128i

-
wn

128 - 128

zt =2 cis % can be plot by rotating anti-clockwisely the vector z° by an
angle % and lengthen the radius by a factor of v/2. Similarly by rotating z!

anti-clockwisely by an angle % and lengthen the radius of z' by a factor of /2, we can get

z2,... We can get a spiral of points.

Yue Kwok Choy
24/10/2017



